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We discuss several concepts of continuity, weaker than lower semicontinuity, but
still- implying the existence of a continuous selection for a closed convex valued
multifunction from a paracompact Hausdorff topological space into a Banach
space. In this way, an extension of Michael’s celebrated selection theorem is given.
The behavior of e-envelop approximations, as well as the localization of continuous
selections, is also discussed.  © 1992 Academic Press, Inc.

1. INTRODUCTION

Let (7, ||-]]) be a normed linear space. Denote by B the closed unit ball
and by B’ the open unit ball in Y. Let (YY) denote the set of all subsets
of Y and let A (Y)=P(Y)\{J}. For ye ¥, C, De P(Y) we write

y+C={y+v|lveC}, C+D={v+y|lveC, yeD},
rC={ro|veC} for reR.

The distance from y to C is defined by d(y, C)=inf{||y —v||ve C}, the
Hausdorff excess of D over C by e(D, C)=sup{d(y, C)|yeD}, and the
Hausdorff distance between the sets C and D by D(C D)=
max{e(C, D), e(D, C)} (see [4]). It can be shown that

D(C, D) =sup |[d(y, C)—d(y, D).

veyY

Moreover if C, € C= C, and D, € D < D, then

d(y, C)—d(y, D)< d(y, C,)—d(y, D5)
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and
D(C, D)< max{D(C,, D,), D(C,, D,)}.

Let X be a topological space. By a set valued mapping F of X into Y we
mean a mapping F: X - 2(Y). By F we denote the mapping defined by
F(x) = F(x). Another set valued mapping G: X —» 2(Y) is said to be a sub-
mapping of F, and we write G € F, if G(x) < F(x) for every xe X. By Fn G
we denote the set valued mapping defined by Fn G(x)=F(x)n G(x).
A function f: X — Y such that f(x)e F(x) (f(x)e F(x)+¢B°) for every
xe X is called a selection (g-approximate selection) of F. The set of all
continuous selections for F (respectively: all continuous ¢-approximate
selections) we denote by C- (respectively: C%.). We use the same symbol for
a set K of functions from X into Y and the set valued mapping from X into
Y defined by K(x)={f(x)|fe K}.

We introduce the definitions of certain set valued mappings derived
from F (see also [1-3]). For xe X let %(x) denote the family of all
neighborhoods of x. For a set De #(Y) we define F,,: X —» #(Y) by

Fp(x)= U () (F(x')~-D)

Ue¥(x) x'elU

and we write F, instead of F, g for ¢ > 0. We define F,: X — 2(Y) by setting

Fo(x)= () F(x).

e>0

Fy(x) is a Kuratowski limes inferior of a net (F(x)|x'— x) and can be
characterized as

Fo(x)= {ye Fx)|d(y, F(x')) >0 as x' > x}.

It is easy to verify that F, = F, < F. Note that F;,, = F,n F, but in general
the equality does not hold.

Recall that F: X - A(Y) is lower semicontinuous (ls.c.) if F~ (W)=
{x|F(x)n W+ Z} is an open subset of X for every open subset W of Y
[13]; equivalently: if F,=F [2, Proposition 1.1; 1, Lemma 1.1], (see also
Proposition 2.10 below). Following Deutsch and Kenderov [8] (see also
[51), we call F almost lower semicontinuous (almost Ls.c.) if for every x e X,
£>0, it holds that F (x)# (.

Now assume that F: X — A47(Y) has closed convex values, X is a para-
compact Hausdorff topological space, and Y is a Banach space. The
celebrated Michael theorem [13] asserts that if F is lower semicontinuous
then F admits a continuous selection throughout each point of its graph,
ie., Cr(x)=F(x) for all xe X. Brown in [2] noted that Cp=Cy, thus if
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Cr#J then Fy(x)# & for all xe X. Deutsch and Kenderov [8] proved
that C%.# ¢ for every ¢> 0 if and only if F is almost ls.c.

Moreover if F has convex values then F, and F, also have convex values
(possible empty). As we remarked F,=F,. Thus, if Fo(x)# & for all xe X
and (Fy)o=F,, ie, Fy is lsc, then Cp# ¢, by virtue of Michael’s
theorem. In a recent paper [3] Brown defined a transfinite sequence
(F®]a an ordinal) by letting

F(0)=F, F(““):(F(“))O, F””(x): ﬂ F(“)(x)

a<f

whenever § is a limit ordinal. He observed that there must occur the first
ordinal y such that F**Y=F%, Since C,=Cw and F has closed
convex values for every ordinal «, Brown concluded that Cr# & if and
only if F%)(x)# ¢ for all xe X. Brown proved also that in the case Y =R”"
it holds that C.# ¢ if and only if F")(x)# ¢ for all xe X. But it may
happen that F™(x)# ¢ for all xe X and F™ # F"~Y [3, Theorems 4.3,
1.3].

We are concerned with the question: When for F: X — 2(Y) can one
assert that Fy(x)# & for all xe X and (Fy),=F,? The problem may be
transferred naturally to every F®.

In Sections 2 and 3 we discuss several criteria for F to yield a positive
answer. Our consideration covers the “separation type” concepts of lower
semicontinuity which extend the ideas from [6, 15], as well as the con-
vergence approach involving the mappings F, due to Beer [1] and the con-
ditions introduced in [7,9]. We present also the results on approximation
of the submapping F,. In Section 4 we use these results in approximating
the set of continuous selections for F. The relevance of the mappings F,
to the study of continuous selections for F is due to the simply verifiable
relations

CreC.cC,, for O<e<dand (| Co=C,

e>0

(see Proposition 4.1 below). Section 5 is devoted to the study of localiza-
tion of continuous selections. We discuss in this section the heredity of
the properties introduced for intersections of a set valued mapping with
ball valued mappings. Finally, Section 6 contains some comment on the
selection extension property.

If it is not assumed otherwise, throughout the paper X is a topological
space and Y is a normed linear space.
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2. THE CONCEPTS OF LOWER SEMICONTINUITY

In this section we introduce the lower semicontinuity conditions for F.
We elucidate interrelations between them and their relation to the lower
semicontinuity of F.

First we list some elementary properties of the derived mappings F,, F,,
for £ >0, defined in the Introduction. Recall that F: X - £(Y) is said to
have open lower sections if F~(W) is an open subset of X for every subset
W of Y (see, e.g., [18]). Clearly F: X - A"(Y) has open lower sections if
for every x € X, F has open lower sections at x, ie, F(x)n W # (J implies
0e F, (x), for every subset W of Y.

2.1. PROPOSITION. Let F,G: X - P(Y) be set valued mappings and let
xeX,zeY, D, EcCY. Then:
(1) zeFp(x)ifand only if Oe F, p(x),
(2) Fi.(x)nD# & implies z € Fp(x),
(3) Fp(x)s F(x)—D,

(4) F, has open lower sections,
(5) (Fp)g(x)=Fp(x)—ESF,, g(x) for all xeX,
(6) D< E implies Fp< Fp,

(7) if D+ A=E for some AS Y then (Fp)g S (Fg)p,
(8) F< G implies F=Gp.

Proof. Parts (1), (2), (3), (6), and (8) are immediate consequences of
the definitions.

(4) First observe that F,({z})={xe X|ze Fp(x)} is an open subset
of X for every ze Y. Indeed, if xoe F;({z}) then there exists Ue¥(x,)
such that F(x')n(z+ D) # & for all x’e U. Then for every xe U we have
Ue(x) and F(x')n(z+D)# for all x'eU, hence U< F,({z}).
Consequently, F,(W)=..w F,({z}) is an open subset of X for
arbitrary Wc Y.

(5) From (3) applied to F, it follows that (F,)z(x)< Fp(x)—E. For
the reverse inclusion note that if ze F,(x)—E, ie., Fp(x)n(z+ E)# &,
then since F, has open lower sections there exists Ue%(x) such that
Fo(x')n(z+EY£ g for all x'eU, ie, ze(Fp)g(x). To complete (5)
observe that ze Fp(x)—E if and only if we F,(x) for some wez+ E.
Clearly w+ D <z + E+ D, and thus we conclude that ze Fj, | o(x).

(7) If E=D+ A then by (5)
(Fp)e(x)=Fp(x)—A—D=(Fp),(x) = DS Fp, ((x)—D=(Fg)p(x),
hence (7) holds. Q.ED.
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2.2. PROPOSITION. Let F: X - P(Y) be a set valued mapping and
0<d<e. Then

(F5).(x)=F5(x)—eB° S F,(x)—0B°=(F,);(x) S F, , 5(x)

for all xe X. Moreover Fy=F, and

(Fo)o(x) S Folx) — eB° S F,(x) = (F,)o(x)
for all xe X.

Proof. The first statement is a direct consequence of Proposition 2.1(5),
(7). That (Fy),(x) < Fo(x)—¢B° follows by Proposition 2.1(3) applied to
F,. Since

Fo(x)—&B° < Fy(x)—eB° < F,(x)— 6B° < F, , 5(x)

for all 0 <d e, it follows that Fy(x)= Fy(x) and that Fyo(x)—eB° < F,(x).
But by Proposition 2.1(5), (6) we have

F(x)=(F)o)(x) = () (F)s(x)=(F,)o(x) = F,(x).

>0

Thus F,(x) = (F,)o(x) = (F,)e(). QE.D.

2.3. PROPOSITION. [If F: X = P(Y) has convex values and D is a convex
subset of Y then F|, and F, have convex values.

We say that F: X - A(Y) is weak lower semicontinuous (weak ls.c.) at
x if
for every e>0 and Ue %U(x) there exists x' € U such that F(x') < F,(x).

This concept, following the concept of weak Hausdorff lower semicon-
tinuity due to De Blasi and Myjak [6], was introduced by the authors
[15], and under the more fortunate name quasi-lower semicontinuity by
Gutev [11].

We say that F: X — A(Y) is convex lower semicontinuous (convex l.s.c.)
at x if

0e Fp(x) implies F,(x)nD# &, for all ¢>0 and all closed convex
subsets D of Y.

Let K=1. We say that F: X — A'(Y) is K-ball Lipschitz lower semi-
continuous (K-ball-Lipschitz ls.c.) at xe X, if
F.(x) # & whenever £> 0, and

OeF,, p(x) implies F(x)n(y+ KrB)# &, for all ye Y and all r >0,
e>0.
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We say that F: X > A°(Y) is weak Ls.c., (convex ls.c., K-ball-Lipschitz l.s.c.)
if Fis weak ls.c. (convex Ls.c., K-ball-Lipschitz l.s.c.) at every x € X. We say
simply that F is ball-Lipschitz ls.c. if F is K-ball-Lipschitz ls.c. for some
K= 1
We say that F: X — A4'(Y) is ball-uniformly lower semicontinuous (ball-
uniformly Ls.c.), if
F.(x) # & whenever ¢ >0, and

Jor every £ >0 there exists a 6 >0 such that F;(x)< F,(x)—¢eB° for all
u>0, and for all xe X.

2.4. THEOREM. Let F: X — A (Y) be a set valued mapping. Consider the

Jfollowing statements:

(1) F has open lower sections,

(2) Fislsc,

(3) F is weak ls.c.,

(4) Fis convex ls.c.,

(5) F is 1-ball-Lipschitz lLs.c.,

(6) F is ball-Lipschitz l.s.c.,

(7) F is ball-uniformly Ls.c.,

(8) F is almost ls.c.

Then (1)=(2)=(3)=(4)=(5) = (6) = (7) = (8).

Proof. (1)=>(2), (5)=(6), (7)=>(8) are obvious.

(2)=>(3). Clearly F is ls.c. if and only if F(x)n W# & implies
OeFy(x), for every xeX and every open set W< Y. Therefore if
(zeeB°) N F(x)# &, then O0e F, | .po(x), i.e., z€ F,(x) (Proposition 2.1(1)).
Thus F(x)—eB° < F,(x).

(3)=(4). For arbitrary subset D of Y, if 0€ F,(x) then there exists
Ue(x) such that F(x')nD# J for all x'eU. By (3), for every ¢>0
there exists x, € U such that (J # F(x,)nD< F.(x)n D.

(4)=(5). We need only observe that F,(x)# & since 0 € Fy(x).

(6)=>(7). Suppose that yeF,(x). Then OeF,, z(x) and there-
fore, by the assumption, F,-1,(x)n(y+KeB)#F, or equivalently
yeF,-1,(x)— KeB, for every u>0. Thus by Proposition 2.2, we get

F(x)SF;-,(x)—KeB< Fy-1,(x) — 27 'uB° — KeB° < F,(x) — KeB,

for every u>0. Q.ED.

640/68/3-4
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Clearly F: X —» A'(Y) may be Ls.c. but may have not open lower sec-
tions, e.g., F(x)={x} for xeR. Two examples of set valued mappings
F: R — A" (R) with compact convex values, one of which is weak ls.c. but
not lLs.c., and the other is convex Ls.c. but not weak ls.c. at every xe R, are
given in [15, Examples 2, 4]. Note that in the case of 1-dimensional space
Y the following coincidence holds.

2.5. PROPOSITION. Assume that the set valued mapping F: X — A (R) has
convex values. Then F is almost ls.c. if and only if F is convex Ls.c.

Proof. Assume that F is almost 1s.c. and let D be a closed convex sub-
set of R, ¢ >0, x e X. Clearly F,(x) is a nonempty interval, possibly infinite.
If F(x)nD=¢J then for every Ue¥(x) there exists x’e U such that
inf D 2 sup(F(x’) — eB°) or sup D <inf(F,(x’}) —&B°). Hence F(x')n D= (.
Consequently 0 ¢ F(x). Q.E.D.

Thus the lower semicontinuity conditions (4)-(8) in Theorem 2.4 are
equivalent for a convex valued mapping F: X —» A4(R). The following
simple examples show that these concepts are distinct even for a convex
valued mapping F: R - A(R?).

2.6. ExampLE. Let F(0)={(0,1)[1=0}, F(x)={(|x] ' xs, |x|s)|s=0}
for x #0. Note that F,(0)=¢B° U {(0, ¢)} for every £¢=0. For any closed
ball D = Y with the property F,(0) ~ D= (¥ there exists a closed halfspace
H containing D and such that the set F,(0)n H is empty or consists of a
single point (0, ¢). If it happens that 0e F,(0), then Oe F,(0), which
together with F,(0)n H< {(0,¢)} implies that H=H, for some «>0,
where H,={(s, #)|t>a}. However, for a bounded subset D of such a
halfspace it must hold that 0¢ F,(0). Thus, F is 1-ball-Lipschitz l.s.c. at 0.
Finally, Fis not convex ls.c. at 0, since for 0 <& <« we have O e Fj; (0) and
F(O)nH,=.

2.7. ExaMpPLE. Let F(x)={(1,0)|0<r<1} for x irrational and
F(x)={(tr,rtana)|0<t<1} for x rational, where xe(0,n]. Then
K = (sin(«/2)) ! is the smallest number such that F is K-ball-Lipschitz l.s.c.

2.8. ExaMPLE. Let F(x)={(1,0)|0<r<1} for x irrational and
F(x)={(s,5)|10<t<1, *<s5<1} for x rational. F is not K-ball-Lipschitz
Ls.c. but is ball-uniformly 1s.c.

It is worth noting that the weak lower semicontinuity is a property
which is possessed by almost ls.c. metric projections onto finite dimen-
sional subspaces in the space of continuous functions. Actually for such set
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valued mappings the stronger continuity conditions were proved, via
certain perturbation theorems, and then used in proving the existence of
continuous selections (see [9, 17, 2] and references therein). We cite below
only the relevant conclusion from Wu Li’s paper [17].

2.9. PropoOSITION (17, Corollary 44, Lemma 3.5]. Let X be a Banach
space of continuous functions from a locally compact Hausdorff space into a
strictly convex Banach space which vanish at infinity. Let F be the metric
projection from X onto a finite dimensional subspace of X. Then for any
x€ X and for any £> 0 there exists x' € x + e¢B° such that F(x') € F(x) and
Fis ls.c. at x'. If Fis almost ls.c. then for any x € X and for any ¢ >0 there
exists x' € x + eB° such that F(x')< Fy(x).

From the second assertion of Proposition 2.9 it follows that such a metric
projection F is almost ls.c. if and only if it is weak Ls.c. In general, it may
happen that a set valued mapping has compact convex values in euclidean
space R?, is almost Ls.c. and upper semicontinuous on the whole domain,
as well as l.s.c. on a dense subset of the domain, but has no continuous
selection (see [3, Theorem 4.2a; 19, Sect. 3; 1, Example 1]; see also [8]).
We postpone the discussion on continuous selections of the maps satisfying
our lower semicontinuity conditions to Section 4. In the propositions below
we list more characterizations of these concepts.
We assume that F: X —» A°(Y) and xe X.

2.10. PROPOSITION. The following statements are equivalent:

(1) F has open lower sections at x,
(2) F(x)nD# & implies Fy,(x)n D # &, for every DS Y,
(3) Flx)=Fp(x).

2.11. PROPOSITION. The following statements are equivalent:

(1) Fisls.c ar x,

(2) F(x)n D+# implies F,(x)n D # &, for every D< Y, £¢>0,
(3) F(x)—eB°=Fx) for every £¢>0,

(4) F(x)=Fo(x).

2.12. ProrosiTION. The following statements are equivalent:

(1) F is weak ls.c. at x,
(2) Oe Fp(x)implies F,(x) D # &, for all ¢ > 0 and all subsets D of Y,

(3) OeFp(x) implies FAx)nD#, for all ¢>0 and all closed
subsets D of Y.
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2.13. PROPOSITION. If F has convex values then the following statements
are equivalent :

(1) F is convex ls.c. at x,
(2) OeFp(x) implies F(x)nD# @, for all ¢>0 and all closed

halfspaces including the improper case D=Y.
2.14. PrROPOSITION. Let K= 1. The following statements are equivalent :

(1) Fis K-ball-Lipschitz ls.c. at x,
(2) D#F.(x)=F,(x)—~KeB° for all &, u>0.

2.15. PROPOSITION.  The following statements are equivalent:

(1) F is 1-ball-Lipschitz ls.c. at x,
(2) @#F.(x)—0B°=F;(x)—eB° for all 6,¢>0.

Moreover, if F has convex values then these statements are equivalent to:
(3) @#F.(x)—0B°=F;(x)—eB° for all 6,e>0.

3. THE CONVERGENCE OF THE NET (F, |e ~ 0)

We give a sufficient condition for F,, to be ls.c, in terms of—locally
uniformly for arguments and for values—a ball lower semicontinuity type
condition for F. Namely, we say that F: X — A'(Y) is ball-locally-uniformly
Ls.c. if

every x€ X has a neighborhood U such that for every yeY and ¢>0
there exists a 6 >0 with the property that for every x' € U there exists r =20
such that

B#(y+rB°)nFs(x')= F, (x')—¢eB°
for all u>0.

Clearly if F is ball-uniformly lLs.c. then F is ball-locally-uniformly l.s.c. Since
F,(x)S Fg(x) for all xe X, y<p, the ball-uniformly lower semicontinuity
means that sup, D(F,(x), Fg(x)) >0 as y, -0, ie., the decreasing nets
(F.(x)]e ~ 0) are Cauchy nets in the generalized metric space (A4'(Y), D),
uniformly for x e X, while the ball-locally-uniformly lower semicontinuity
means that these nets are locally Cauchy nets in (A'(Y), D), locally
uniformly for x € X. The proof of our next theorem invokes the construc-
tion and involves an extension (probably known) of the classical result on
the Cauchy sequences of closed sets in complete metric spaces due to Hahn
[127; see also [4, Theorem II-3].
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3.1. THEOREM. Let Y be a Banach space. Assume that a set valued
mapping F: X - A°(Y) is ball-locally-uniformly ls.c. Then Fyo(x)# & for all
x€X and F, is ls.c. Moreover, for every xe X, ye Y, and ¢ >0 there exist
a neighborhood V of x and 6 >0 such that

d(y, F5(x")) <d(y, Folx")) <d(y, F5(x')) +¢
for all x' e V.

Proof. Observe that from ball-locally-uniformly Ls.c. it follows
immediately that F,(x)# (J whenever ¢>0, for all xeX. First we will
show that F,(x)# ¢ for every xe X. To this end, for each xe€ X and for
every ¢ >0 we will define inductively a sequence (y,) such that

(1) (pa+27""'eB)nF,(x)# D forall u>0,n=1,2, .,
(2) pu€y,_+27"'eB° forn=2,3, ...

Fix an arbitrary ye Y and choose 6 >0 and r >0 such that
H#(y+rB°) N Fs(x) S F,(x) -2 %B°

for all u>0. Let d=d(y,F5(x))+2‘lg, Choose y,e(y+dB°)n
(y +rB°)n Fs(x). Clearly

(y1+2 %B°)nF,(x)#  forall u>0.

Assume that for n=1, .., k we have defined y, satisfying (1) and (2). For
¥, choose J,>0 and r, 20 such that

B#(ye+rBYNFs(x)SF,(x)—2" % %B°
for all p>0. Since (y,+2 % 'eB°)nF,(x)# we can choose
Vi1 E(}’k"‘z‘kglgBo)f‘(yk+rkB°)ﬂF,5k(x). Then
(Pea1+275%B)NF (x)£ D
for all u>0. Thus (1) and (2) are satisfied for n=k+ 1. Note now

that from (1) and (2) it follows that (y,) is a Cauchy sequence, hence
convergent to some y,, and y,€ p, + 2 "¢B° for every n. Since

Y€ m (F,u(x)—'z_"‘lgBo)g m Fu+2‘”’le(x)a
u>0 u>0
it follows that

yoe(n) (( N Fu+2_",1€(x))~z~"w°)

u>0

Qﬂ ﬂ Fu+(2*"~1+2*")e(x)=Fo(x)-

n u>0
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Moreover,

d(y, Fs(x))<d(y, Fo(x))<lly =yl + Il y1 = poll
<d(y, Fs(x))+27'e+27 "

Since ye Y was arbitrarily chosen, from the first inequality it follows in
particular that the net (F;(x)|d \ 0) is V' ~'-convergent to F,(x), where
V~! stands for the lower Vietoris topology on A(Y) [10, Proposi-
tion2.1]. The same inequalities are valid for all x’ from some
neighborhood U of x and the sequences ( y,) defined in this way for x" and
y. Therefore for x’e U and y’ e y + 2~ '¢B° we have

d(y, F5(x"))<d(y, Fo(x" ) < |y = ¥ill + 11¥1 = wol
<d(y, Fs(x'))+2 'e+2" e

Thus, in particular, for arbitrary v>u>0, § <4, and x'€ U we have
Fo(x)Yn(y+vB )£ S
whenever
Fo(x ) (y+(v—u) B) # .

From this it follows immediately that the net (F;|6  0) is % ~'-quasi-
locally uniformly convergent to F, at x for the quasi-uniformity % —*
on A°(Y) associated with the norm uniformity on Y, in the sense of
[10, Sect. 7]. Since all F; are ls.c., it follows that F, is Ls.c., by virtue of
(10, Theorem 7.37]. Q.E.D.

Theorem 3.1 extends the result due to Beer [1, Theorem 1], who
assumed locally uniform convergence of the F,, to F, in Hausdorff metric,
and showed that F; is ls.c. Note that by the same arguments as those in
Theorem 3.1 we have the following.

3.2. CoroLLARY. If Y is a Banach space and F: X — A (Y) is ball-
uniformly ls.c, then Fyx)#@ for all xeX, F, is Lsc, and
sup, D(F,(x), Fo(x)) =0 as y—0. If F is K-ball-Lipschitz ls.c., then
sup, D(F,(x), Fo(x)) < Ky for all y=0.

Indeed, the first assertion is clear, and for the second one it suffices to
recall that K-ball-Lipschitz lower semicontinuity of F means that
sup, D(F,(x), Fg(x)) < Kmax{y, p} for y, >0.

Now we take advantage of the convexity of the values of F in
approximating the submapping F, by F,. The following simple property is
fundamental for our considerations.
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3.3. ProPOSITION. If a set valued mapping F: X — A (Y) has convex
values then for all x € X the maps ¢ — F,(x) have convex graphs.

Proof. Let xeX, 0<d<e 0<s5<l, yseFs(x), y,eF,(x), and
y={(1-35) ys+sy,. There exists Ue %(x) such that for all x'e U

vs€ F(x')—06B° and y, € F(x')—¢B°.

Thus
y=(1—-5)ys+sy,e(l —s)F(x')—B°)+ s(F(x')—eB°)
=F(x')—((1 —=5) 0 + s¢) B,
forall x'e U. Hence y€ F; _ 54 (X) Q.E.D.

Observe that by Proposition 3.3 the functions ¢ —d(y, F,(x)), x€ X,
ye Y, are convex. Clearly

D(F,(x), Fs5(x))=sup |d(y, F.(x))—d(y, Fs5(x))I.

For 0<d<¢ we have Fy(x)—(¢—9d)B°cF.(x) and d(y, Fs(x))=
d(y, Fs(x)—(e— ) B°)+ (¢ — &), whenever y ¢ F,(x). Thus fore>6>0 we
have

d(y, F5(x))—d(p, F(x)) =& -9,
whenever y ¢ F,(x) and
D(F.(x), Fs(x))ze—0

whenever F.(x) Y. The next proposition summarizes the above observa-
tions. We denote by 0. d(y, Fy(x)) the right-hand derivative of
e—>d(y, F.(x)) at B.

3.4. PROPOSITION. Assume that a set valued mapping F: X - A (Y) has
convex values, is almost Ls.c. at xe€ X and F(x)# Y. Then for every ye Y the
Sfunction ¢—d(y, F.(x)) is a finite convex nonincreasing function on

(0, +0) and — o0 <0} d(y, F,(x)) < —1 whenever y ¢ F,(x). Moreover
[d(y, F.(x))—d(y, Fs(x)I <10, d(y, Fglx)) [e— 4|

and

le— 8] < D(F,(x), Fs(x)) < limﬂg(—f%xl’—?-x—)z le— |

whenever 0 < f <6, ¢
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By Proposition 3.4, Corollary 3.2, and Lipschitz properties of convex
functions (see [16]), we have the following.

3.5. COROLLARY. Assume that Y is a Banach space and F: X — A (Y)
assumes convex values. If F is ball-uniformly [ls.c. then the mappings
e D(F.(x), Fo(x)), xe€X, are equi-continuous at 0 and equi-locally
Lipschitz on (0, + o). If F is K-ball-Lipschitz 1.s.c. for some K> 1 then these
mappings are equi-Lipschitz with constant K on [0, 4+ c0).

Remark. Proposition 3.3 specified to the case of arbitrary set X
(equipped with the trivial topology {J, X} gives the following property of
the intersection of convex sets.

3.6. CorOLLARY. Let {F(x)|xe X} be a family of closed convex sets in
Y and assume that N\, x F(x) % . Then the mapping ¢ = (). x F(x) —&B°
of [0, +o0) into Y has a convex graph and is locally Lipschitz on (0, + o),
with respect to the Hausdorff distance in N/ (Y).

4. APPROXIMATION OF CONTINUOUS SELECTIONS

Invoking Michael’s continuous selection theorem, in this section we give
simultaneously some extensions of this theorem and some information
about the approximation of the set of continuous selections for a set valued
map by the sets of e-approximation selections.

In the space C(X, Y) of continuous mappings of X into ¥ we consider
the generalized sup-norm | f| ., =sup, | f(xX)(J|f) .= + oo whenever f is
an unbounded mapping). We denote by #(f, K) the distance from f to a
subset K of C(X, Y) and by 2(L, K) the Hausdorff distance between two
subsets L, K of C(X, Y).

We begin with a simple observation.

4.1. PROPOSITION. Assume that 0<d<e If a set valued mapping
F: X - (YY) has closed values then

CpreCicC,  and  Cp=Cp=Ci= () Ci.
£>0
Proof. We have C,<Cj, since Fs(x)=F(x)—d0B° for all xeX.
Also, C4=Cg, since for feC4 and for all xeX it holds that
fix)ef,_ s(x)< F,(x). The second assertion follows directly from the first
one. QE.D.

In the subsequent lemmas and corollaries we assume that X is a
paracompact Hausdorff topological space, Y is a Banach space, and
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F: X - A(Y) is an almost ls.c. set valued mapping with closed convex
values.

4.2. LeMMA. Cp(x)=F,(x) for all xeX, ¢>0. If Fo(x)# for all
xeX and Fy is Ls.c. then also Cy(x)=Fy(x) for all xe X.

Proof. Obviously Cg(x)< F,(x). For the reverse inclusion, recall that
F, has open lower sections (Proposition 2.1(4)). Therefore by the well-
known Michael construction F, admits a continuous selection (see [18,
Theorem 3.1]). Moreover, it is easy to see that a continuous selection can
be constructed through each point of the graph of F,. By Michael’s
theorem, the same is true for F if F, is Ls.c., since F,, has nonempty closed
convex values (Proposition 2.2, 2.3). QE.D.

43. LEeMMA.  Z(f, Cr)=sup, d(f(x), Cr(x)) for every ¢>0 and every
continuous mapping f.

Proof. The assertion follows trivially whenever Cp = (J, so assume
Cr. # . Put h=sup,d(f(x), Cp(x)). Clearly h< &(f, C,). On the other
hand for every a>0 and for every xeX the set G(x)=Cg(x)n
(f(x)+ (h+a) B®°) is nonempty. For every &>0, since the sets
Cp(x)=F,(x) are convex and F, has open lower sections, it follows that
the set valued mapping x — G(x) has convex values and open lower
sections, and therefore has a continuous selection, say g. For ¢ =0, the set
valued mapping x — Cp(x) has closed convex values and is Ls.c. Then the
set valued mapping x — G(x) has by Michael’s theorem a continuous selec-
tion, say also g. In both cases ge Cr and Z(f, Cr)<|f— gl <h+o
Consequently, Z(f, Cr)=h. Q.E.D.

4.4. LEMMA. For every continuous mapping f- X —» Y and for 6, ¢ >0 the
Sfollowing equalities hold.

(1) d(f(x), Cx(x))=d(f(x), F,(x)) for all xe X,

(2) Z(f, Cp)=sup,d(f(x), F.(x)),

(3) D(C:(x), C3(x))=D(F,(x), F5(x)) for all xe X,

(4) 2(C%, C3)=sup, D(F,(x), F5(x)).
If Fo(x)# J for all xe X and F, is Ls.c., then the equalities (1)—(4) hold for
all 6, ¢20.

Proof. (1) By Proposition 4.1 and Lemma 4.2 we have
d(f(x), Cr(x)) <d(f(x), Cpx))=d(f(x), F.(x)),
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for all xe X and for every £¢>0. On the other hand, for arbitrary 0 >,
Proposition 3.4, Lemma 4.2, and Proposition 4.1 yield

d(f(x), Fo(x)) <d(f(x), F5(x))+ 10 d(f(x), Fo(x))] (8 —¢)
=d(f(x), Cr(x))+ 10, d(f(x), Fo(x))] (6 —¢)
<d(f(x), Cu(x)) +10;7 d(f(x), F.(x))| (5 —e).

Since |0} d(f(x), F.(x))| < + 00 whenever ¢>0, then taking J \ & we
conclude that

d(f(x), F.(x))<d(f(x), Co(x)).
For ¢ =0, by Proposition 4.1 and Lemma 4.2 we have

d(f(x), C2(x)) = d(f(x), Cr(x)) =d(f(x), Fo(x))
for all xe X.

(2) Obviously sup,d(f(x), C%(x))<&£(f, C%). By Proposition 4.1
and Lemmas 4.3 and 4.2 we have

d(f, Cy)<4(f, Cr)=sup d(f(x), Cr,(x))=sup d(f(x), F.(x)).

(3) By (1)
D(C3(x), Ci(x)) = sup [d(y, C3(x)) —d(y, CHx))l
=sup |d(y, F,(x)) —d(y, F5(x))|

=D(F,(x), Fs(x)).

(4) Obviously sup, D(C%(x), C3(x)) < D(C%, C3). On the other
hand

D(C5., C3)=sup |4(f, C5)— (f, C})|
!
<sup sup [d(f(x), F.(x))—d(f(x), F5(x))|
¥ X
<sup D(F,(x), F5(x)) = sup D(C5(x), C3(x))

(here sup, means that supremum is taken over all fe C(X, Y)). Q.ED.
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4.5. COROLLARY. If

D(F,(x), F,
sup lim ——————( (%) O(x))< + oo
x N0 Y

£l

then 2(C%, Cr)=0 for ¢>0.
Indeed, by Proposition 4.1, Lemma 4.4(4), and Proposition 3.4, we have

U(Ct, Cr) < D(Cy, Cp)=sup D(F,(x), F;(x))

<sup lim
x YN0

D(Fy(x;, F)

whenever 0 <d <e. Letting 6 ¢ we obtain Z(C%, Cr)=0. Note that we
have already established in Proposition 4.1 that C}.=C,=Cp,.
Now we are ready to formulate the main results of this section.

4.6. THEOREM. Let X be a paracompact Hausdorff topological space, Y
be a Banach space. Assume that F: X — A (Y) is a set valued mapping with
closed convex values such that F(x)# Y for some xe X, Fy(x)# & for all
xeX and Fy is ls.c. Then Cp# & and

D(F. F
< P(Cs, Cp)<sup lim 2L Folx))

x 71~0

for £=0.

Proof. Since F, has closed convex values, Cp # & by Michael’s
theorem, and Cr= Cp, by Proposition 4.1. The inequalities follow directly
from Lemma 4.4(4) and Proposition 3.4. Q.ED.

By Theorem 3.1, Theorem 4.6, Lemma 4.4, and Corollary 3.5, we have the
following corollary.

4.7. COROLLARY. Assume that F: X - A'(Y) is a set valued mapping
with closed convex values and F(x)# Y for some xe€ X. If F is ball-locally-
uniformly ls.c. then Cp# (& and for every continuous mapping f: X - Y and
every xe€X it holds that d(f(x'), C%(x"))—=>d(f(x'), Cr(x")) as &—0,
uniformly for all x' from some neighborhood U of x. Moreover, if F is ball-
uniformly ls.c. then e<2(C%, Cr)—0 as ¢—>0 and the function
&> D(C%, Cp) is locally Lipschitz on (0, + o). If F is K-ball-Lipschitz Ls.c.
Jor some K= 1, then e < 9P(C%, Cr) < Ke for € 20.
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5. LocALIZATION OF CONTINUOUS SELECTIONS

In this section we discuss the lower semicontinuity concepts for the inter-
section of a given set valued mapping with a ball valued multifunction. In
particular, we answer the question: In what cases is the intersection of a
ball-Lipschitz ls.c. set valued mapping with a ball valued multifunction
ball-Lipschitz l.s.c.? As an effect one can obtain more detailed information
on localization of continuous selections for set valued mappings.

For a pair of mappings f: X—-Y, d: X—[0, +), and L>=0, we
denote by B“ the subordinated ball valued multifunction defined by
BL(x)= f(x)+ Ld(x)B. We begin with a simple general result.

5.1. PROPOSITION. Assume that f-X—Y and d:X- [0, +0) are
continuous mappings and F: X - A'(Y) is a set valued mapping with closed
convex values such that Fo(x)# O for all xeX and F, is lsc. If
Fo(x)n (f(x)+ d(x) B) # J for all x € X, then for every L > 1 the set valued
mapping Fn BY defined by the formula

F B (x) = F(x) ~ (f(x) + Ld(x) B)
is such that (Fn B"), is Ls.c. and (Fn B*)y= F,n B~.

Proof. Since f and d are continuous, B is Ls.c. It is known that lower
semicontinuity of F, and B% together with the nonemptiness of
Fo(x)nB'(x) for all xeX, implies that F,nB% is lsc. (see [13,
Lemma 7.1; 14, Proposition 2]). Therefore by Propositions 2.1(8) and 2.11,

(FABY)y < Fon (BY)y=Fyn B"=(Fyn B*)y< (Fn B*),. QE.D.
Now we pass to ball-Lipschitz ls.c. set valued mappings.

5.2. LEMMA. Assume that - X > Y and d: X - [0, + o0 ) are continuous
mappings and Kz=1. If F:X— A(Y) is K-ball-Lipschitz ls.c. and
F(x)n B'(x)# & for all xe X, then F,(x)n B*(x)# J for all xe X and
u>0.

Proof. By the continuity of f and d, every x € X has a neighborhood U
such that

B'(x')< B'(x)+ (3K) "' uB

for all x'eU. Since F(x)nB(x)#¢g for all x'eX, then
0€ Fai 4 3x)-1.8(x). Hence, by the definition of K-ball-Lipschitz 1.s.c.,

Fy1,(x) N (BX(x) + 37 'puB) # 3,
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or equivalently,
(Fy 1,(x) =37 'uB)n BX(x) # &.

Since F,-1,(x)— 3~ 'uB < F,(x) (Proposition 2.1), we get the assertion.
Q.ED.

The next lemma is a refinement of Corollary 1 in [15].

5.3. LEMMA. Assume that E is a convex subset of a normed linear space
Y,yeYand r20. If En(y+rB°)# J, then

(E+eB°)n(y+ LrB+eB°)c En(y+ LrB)+ N(L) eB°,
Jor every ¢>0, L> 1, where N(L)=1+2(L+1)/(L—1).

Proof. 1f r=0 then the inclusion holds trivially, so we assume that
r> 0. Without loss of generality we may also assume that y =0. Thus we
should prove that

(E+eB°)n (LrB+¢eB°)Y<= En (LrB)+ N(L) eB°,
whenever r>0, e>0, L>1. Let
ze(E+eB°Yn (LrB+¢eB°)=(E+¢B°)n (Lr+¢)B°.

Then there exists an element ve E such that |lv—z| <e Clearly |v] <
Izl + e < Lr +2¢&. If |Jv|| < Lr, then obviously ze En (LrB)+ N(L) eB°, so
the only nontrivial case is [v|| > Lr. By the assumption, there exists an
element v'e E such that |v'| <r<Lr. Choose 1€ (0, 1) such that for
v,=Av"4+ (1 —A)v it holds that |lv,|| = Lr. By the convexity of E we have
v, € En (LrB). By the triangle inequality,

Lr<Ar+ (1 —=2)(Lr + 2e).

Hence 4 <2e((L—1)r+2¢) ', Consequently,
lo—vall = Allo — 'l < A(Jlv]l + [lv']])
<2e((L=1)r+2e) " ((L+1)r+2e)
<2e(L+ DL —1).
Finally,
lz—vill <llz—vll + llv—v;ll <e+2e(L+1)/(L—1).

Thus ze En (LrB)+ N(L) ¢B°. QE.D.
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5.4. THEOREM. Assume that f: X —> Y and d: X - [0, +0) are con-
tinuous mappings and K= 1. If F: X - A(Y) is K-ball-Lipschitz ls.c., has
convex values and F(x)n (f(x)+ d(x)B)# & for all xe X, then for every
L>1 the set valued mapping Fn B** defined by the formula
F B"(x)=F(x)n (f(x)+ LKd(x)B) is K'-ball-Lipschitz ls.c. for some
K<(1+2(L+1)/(L-1)K

Proof. Let us take an arbitrary u>0. Since F(x)n B'(x)# & for all
xe X and LK> 1, then by Lemma 5.3

(F(x)— uB°) n (B**(x)— uB°) = (F(x) n B"*(x)) + N(LK) uB°
for all xe X. From this it follows easily that
Fu(x) 0 (BY),(x) € (F 0 BY) vk (X)-

But B%X is ls.c., since f and d are continuous. Thus, by Proposition 2.11,
for all xe X

(B%),(x)= B"*(x) — uB°.
Hence, for all xe X we have
F (x)n (B (x) = uB°) S (F 0 B") (ko (X)-
Taking into account that by Lemma 5.2
& # F,(x)n BX(x) S F,(x) n B*¥(x),

we get (Fn By, x.(x)# . Since p was arbitrary we conclude that
(Fn B**),(x)# & for all xe X and for every ¢ >0. On the other hand, by
Proposition 2.1(8), it is easy to see that

(Fn B™),c F,n (BX),.
Therefore, since B* is Ls.c. and F is K-ball-Lipschitz l.s.c., we have
& # (Fn B*%),(x) € F.(x) " (B*¥),(x) = F,(x) n (B*(x) — &B°)
< (F,(x)— KeB°) n (BX(x) — KeB®).
Again by Lemma 5.3,
(F,(x)— KeB°) n (B**(x) — KeB®) = (F ,(x) n B*%(x)) + N(L) KeB°.
But

F(x)n B"(x) <= F.(x)n (B*(x) —uB°)= (Fn BLK)N(LK)u(x)'
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Therefore
& # (Fn B ) (x) = (FAB") y1x (%) + N(L) KeB°

for all xe X and for every £>0. Since u was chosen arbitrarily, this
ensures that Fn BY® is K'-ball-Lipschitz ls.c. for K'<N(L)K=
(1+2(L+ 1)/ (L—-1)K Q.E.D.

Remark. 1f Y is a Banach space, then under the assumptions of the
above theorem the set valued mapping (F~ B“X), has nonempty values, is
Ls.c. and (Fn B**), = F,n B*X.

For the concepts of weak lower semicontinuity and convex lower semi-
continuity the following sharper conclusion is true (see [15]).

5.5. PROPOSITION. Under the assumptions of Theorem 5.4, but with F
weak (respectively: convex) ls.c., for every L>1 the set valued mapping
F B* defined by the formula F~ B*(x)= F(x) (f(x)+ Ld(x)B) is weak
(respectively: convex) Ls.c.

6. REMARK ON SELECTION EXTENSION PROPERTY

Let X be a paracompact Hausdorff topological space, ¥ be a Banach
space, and F: X - A4 (Y) be a set valued mapping with closed convex
values. It was established by Michael [13] that F is Ls.c. if and only if for
every closed subset 4 of X, every continuous selection f: 4 > Y of F|,
extends to a continuous selection f: X — Y of F. The direct consequence of
this selection extension property is that Fis ls.c. if and only if F(x)= C.(x)
for all xe X. It means that, in general, the selection extension property as
well as the last equality no longer holds for set valued mappings satisfying
continuity conditions considered in our paper. Clearly all these conditions
guarantee that Fy(x) = C.(x) for all x € X, since they imply the lower semi-
continuity of Fy. Let us point out that they are also sufficient for the
following weaker extension property.

6.1. PROPOSITION. Let X be a normal topological space and Y be a
topological vector space. If a set valued mapping F: X — A (Y) has convex
values and admits a continuous selection, then for every open set W< X,
every closed set D = W, and any continuous selection - W — Y of F|y, there
exists a continuous selection f: X — Y of F such that |, = fl,.

Proof. Since D and X\ W are disjoint closed sets, there exist two open
sets U, V, such that

Dc U, X\WcV, UnV=g.
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By the Urysohn lemma there exists a continuous mapping o: X — [0, 1]
such that a(x)=1 for xe U and «(x) =0 for x e V. Let g be any continuous

S€

10.

11
12.
13.
14.
15.

16.
17.

18.

19.

lection of F. The selection f may be defined by the formula
Fxy=alx) f(x) + (1 —a(x)) g(x). QED.
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